By exploiting the idea of Colombeau generalized function, we introduce a notion of asymptotic map between arbitrary diffeological spaces. The category consisting of diffeological spaces and asymptotic maps is enriched over the category of diffeological spaces and inherits such properties as completeness, cocompleteness, and cartesian closedness. In particular, asymptotic functions on a Euclidean open set include Schwartz distributions and form a smooth differential algebra over Robinson's field of asymptotic numbers. To illustrate the use of our method, we prove that smooth relative cell complexes enjoy homotopy extension property with respect to asymptotic maps and homotopies.
Introduction
The category Diff of diffeological spaces and smooth maps has excellent properties such as completeness, cocompleteness, and cartesian closedness, and provides a framework for combining analysis with geometry and topology. But there is one barrier to spread the use of diffeology. Compared with continuous maps, smooth maps are far more difficult to handle with and it often occurs that we cannot find an appropriate smooth map that satisfies the given requirements. Such a situation typically occurs in analysis, e.g. when solving partial differential equations. Distributions (or generalized functions) make it possible to differentiate functions whose derivatives do not exist in the classical sense (e.g. locally integrable functions). They are widely used in the theory of partial differential equations, where it may be easier to establish the existence of weak solutions than classical ones, or appropriate classical solutions may not exist. They are also important in physics and engineering where many problems naturally lead to differential equations whose solutions or initial conditions are distributions. The aim of this paper is to bring in such generalized notion of maps into the framework of diffeology, and utilize them to investigate diffeological spaces in a more flexible manner.
We now state the main result of the paper. A diffeological space is called a smooth differential algebra if it has a structure of a differential algebra such that its sum, product and partial differential operators are smooth. Given an open subset U ∈ R n , we denote by D ′ (U ) the locally convex topological vector space of Schwartz distributions equipped with the weak dual topology. Then the main theorem of the paper can be stated as follows.
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(1) Diff has the same objects as Diff and is enriched over Diff .
(2) Diff has all small limits and colimits, and the inclusion Diff → Diff preserves (hence creates) limits and colimits.
Then there is a natural diffeomorphism
Thus Diff is cartesian closed with exponential objects C ∞ (X, Y ).
Then R is a non-archimedean real closed field and C is an algebraically closed field of the form
The construction of asymptotic functions is based on Colombeau's theory of simplified algebra [1] and its variant by Todorov-Vernaeve [7] . We briefly review in Section 2 the basics of Colombeau's simplified algebra and its reinterpretation as a smooth differential algebra due to Giordano-Wu [2] . It is shown that the embedding D ′ (U ) → G s (U ) into the smooth version of Colombeau's simplified algebra is continuous with respect to the D-topology coming the diffeology of G s (U ).
Section 3 provides a step-by-step construction of C ∞ (X, Y ), starting from the case of asymptotic functions on a Euclidean open set U . The construction of C ∞ (U, F) is quite similar to that of G s (U ) and there is a natural homomorphism of smooth differential algebra G s (U ) → C ∞ (U, F). But there is a significant difference in that, unlike the Colombeau theory, the set of scalars F = C ∞ (R 0 , F) is a true field. In fact, F coincides with the scalar field of Todorov-Vernaeve theory, and hence is isomorphic to Robinson's field of asymptotic numbers. Once C ∞ (U, F) is established as a functor of U , it is straightforward, by the nature of diffeological spaces, to construct C ∞ (X, Y ) for arbitrary X and Y , and show that the category Diff consisting of diffeological spaces and asymptotic maps is enriched over Diff .
Section 4 completes the proof of the main theorem by showing that Diff is complete, cocomplete, and cartesian closed.
Finally, in Section 5 we prove, as an illustrating example of the use of asymptotic maps, that any smooth relative cell complex (X, A) enjoys the homotopy extension property in Diff , that is, for any asymptotic map f : X → Y and asymptotic homotopy f |A ≃ g on A, there is an asymptotic homotopy f ≃g on X extending f |A ≃ g. Needless to say, the homotopy extension property should play a key role in homotopy theory. But it fails if maps and homotopies are restricted to only smooth ones.
Colombeau algebra of generalized functions
We briefly recall the basic notations and properties of simplified Colombeau algebra of generalized functions. Henceforth, Γ denotes the interval (0, 1], F is either R or C, and N is the set of non-negative integers. If X is a topological or diffeological space then its underlying set is denoted by |X|. of the subalgebra of moderate nets over that of negligible nets. Here a net
and is negligible if
where the notation K ⋐ U indicates that K is a compact subset of U . As described in [2, Theorem 1.1], the correspondence U → G s (U ) is a fine and supple sheaf of differential algebras, and there is a sheaf embedding of vector spaces ι U : D ′ (U ) → G s (U ) preserving partial derivatives. Note, however, that the construction is not the canonical one because it depends on particular choice of a δ-net.
2.2.
Colombeau algebra as a diffeological space. Giordano and Wu introduced in [2, §5] a diffeological space structure for G s (U ) defined as follows. Instead of the locally convex topology, let us endow C ∞ (U ) with the functional diffeology, and let E(U ) = C ∞ (U ) Γ , where Γ is regarded as a discrete diffeological space. Then moderate nets (resp. negligible nets) form a diffeological subspace M(E(U )) (resp. N (E(U ))) of E(U ), and we obtain a diffeological version of the simplified Colombeau algebra G s (U ) = M(E(U ))/N (E (U )).
is a smooth differential algebra, and there is a linear embedding ι U : D ′ (U ) → G s (U ) enjoying the following properties:
(1) ι U is continuous with respect to the weak dual topology on D ′ (U ) and the D-topology on G s (U ). Lemma 4.7] , and the inclusion
is continuous because the D-topology of D(U ) is finer than the locally convex topology of D(U ) by [2, Corollary 4.12 (i)]. Also, the embedding
is continuous. Thus, to prove (1) it suffices to show that the inclusion
But this is equivalent to say that it has the final topology with respect to those parametrizations σ : V → |(T D(U )) ′ | such that for every plot ρ : W → D(U ) the composition below is continuous.
On the other hand, T (D(U ) ′ ) has the final topology with respect to those
Since smooth maps are continuous, we see that (T D(U )) ′ has finer topology than T (D(U ) ′ ). Hence the inclusion (T D(U )) ′ → (D(U ) ′ ) is continuous.
Note. The embedding ι U preserves the products of smooth maps, but does not preserve the products of continuous maps because if otherwise, it contradicts to the Schwartz impossibility result [6] .
The space of asymptotic maps
We assign to any pair of diffeological spaces (X, Y ) a diffeological space C ∞ (X, Y ) consisting of certain generalized maps called asymptotic maps. The construction consists of three steps: First, we introduce asymptotic functions on Euclidean open sets, then extend them to the ones on general diffeological spaces, and finally, construct asymptotic maps between arbitrary diffeological spaces.
Asymptotic functions on Euclidean open sets.
Let F be either the real number field R or the complex number field C. Given an open subset U of R n , denote by C ∞ (U, F) the space of smooth functions U → F endowed with the functional diffeology (cf. [5] ); so that a map ρ : U → C ∞ (U, F) is a plot for C ∞ (U, F) if and only if the composition below is smooth.
Let us regard Γ as a discrete diffeological space, and introduce on Γ a {0, 1}valued finitely additive measure given by an ultrafilter U generated by the collection {(0, ǫ) | 0 < ǫ ≤ 1}. Observe that U contains those subsets A for which there is a subset B such that B has Lebesgue outer measure 0 and A ∪ B ⊃ (0, ǫ] for some 0 < ǫ ≤ 1. We say that a predicate P (t) defined on Γ holds almost everywhere as t → 0 (a.e. for short) if {t ∈ Γ | P (t)} ∈ U .
Let E F (U ) = C ∞ (U, F) Γ be the algebra of Γ-nets in C ∞ (U, F), and define a diffeological algebra C ∞ (U, F) to be the subquotient
Then C ∞ (U, F) inherits ring operations from C ∞ (U, F) and every smooth map F : W → U between Euclidean open sets induces a functorial homomorphism of F-algebras
Moreover, by arguing as in [2, Theorem 5.1] we see that C ∞ (U, F) is a smooth differential algebra with respect to partial differential operators
and there is a natural inclusion of smooth differential algebras Proof. It is clear that C is a ring and that we have
implying that C is a field. To see that C is algebraically closed, suppose P (x) = x p + a 1 x p−1 + · · · + a p is a polynomial with coefficients in C, and let us choose a representative (a k,ǫ ) ∈ M(C Γ ) for each a k ∈ C. For 0 < ǫ ≤ 1, let P ǫ (x) = x p + a 1,ǫ x p−1 + · · · + a p,ǫ
and take x ǫ ∈ C satisfying P ǫ (x ǫ ) = 0. Then (x ǫ ) ∈ C Γ is a moderate net, because we have |x ǫ | ≤ 1+|a 1,ǫ |+· · ·+|a p,ǫ |. Hence we have P ([x ǫ ]) = 0.
Corollary 3.2. R is a real closed field and both R and C are non-archimedean fields in the sense that they contain non-zero infinitesimals.
Proof. Since we have C = R + i R and C is algebraically closed, R is a real closed field and is totally ordered in such a way that a ≥ 0 if and only if a = b 2 holds for some b ∈ R. It is non-archimedean because the asymptotic number ρ represented by the net (ǫ) is a non-zero infinitesimal in R.
Note. The constant ρ above is called the canonical infinitesimal in R. Todorov and Vernaeve has shown in [7, Theorem 7.4 ] that ρ corresponds to a positive infinitesimal ρ in the nonstandard reals * R such that Robinson's fields of ρ-asymptotic numbers ρ C and ρ R are isomorphic to C and R, respectively.
By the definition, M(E(U )) and N (E(U )) are subalgebras of M(E F (U )) and N (E F (U )), respectively. Hence we have
) is a homomorphism of smooth differential algebras over F.
It is easy to see that the composition D ′ (U ) → G s (U ) → C ∞ (U, F) is a linear monomorphism. Thus we have the following by Theorem 2.1. 
3.2.
Asymptotic functions on general diffeological spaces. Given an arbitrary diffeological space X with diffeology D, we define
where E F (X) = C ∞ (X, F) Γ and for L = M, N we put
One easily observes that if X is an open set in R n then C ∞ (X, F) is identical with the algebra constructed in the previous step. Also, there is a natural inclusion i X : C ∞ (X, F) → C ∞ (X, F) which takes f ∈ C ∞ (X, F) to the class of the constant net with value f . Evidently, we have the following. Proposition 3.5. For every X ∈ Diff , C ∞ (X, F) is an algebra over the field F, and the following hold.
(1) Any smooth map F : X → Y induces a functorial homomorphism of
3.3. Asymptotic maps between diffeological spaces. Given diffeological spaces X and Y , a net (f ǫ ) ∈ C ∞ (X, Y ) Γ is said to be moderate if it satisfies the condition,
Lemma 3.6. For any (f ǫ ) ∈ M(C ∞ (X, Y ) Γ ) the following hold.
(2) Let σ : U → X be an arbitrary plot for X.
We define the space of asymptotic maps from X to Y as the quotient
Remark. Even if we replace E R (−) in the definition above with E C (−), the resulting quotient space is the same as C ∞ (X, Y ). Proof. For given X, Y, Z ∈ Diff consider the map
which takes a pair ((g ǫ ), (f ǫ )) to the componentwise composition (g ǫ • f ǫ ). By Lemma 3.6 (1), the map above restricts to a smooth map
is negligible for every (u ǫ ) ∈ M(E R (Z)) by Lemma 3.6 (2). Hence c X,Y ;Z induces a smooth composition
It is now evident that we can define Diff to be the category with diffeological spaces as objects and with C ∞ (X, Y ) as the space of morphisms X → Y .
Proof of the main theorem
We have already shown that Diff satisfies all the properties stated in Theorem 1.1 except for (2) and (3).
To prove that Diff has all limits, it suffices to show that it has all small products and equalizers. Given a family of diffeological spaces {X j } j∈J , let X = j∈J X j be their product in Diff . Then X is a product even in the supercategory Diff . To see this, suppose {f j : L → X j } is a family of asymptotic maps and (f j,ǫ ) ∈ M(C ∞ (L, X j ) Γ ) is a representative for each f j . Then there are unique smooth maps u ǫ : L → X satisfying f j,ǫ = p j • u ǫ , where p j : X → X j is the projection. But then, (u ǫ ) ∈ C ∞ (L, X) Γ is moderate and induces a unique asymptotic map u = [u ǫ ] : L → X satisfying f j = p j • u. Hence Diff has all small products. To see that equalizers exist in Diff , suppose (f, g) is a pair of asymptotic maps from X to Y . Let (f ǫ ) and (g ǫ ) be representatives for f and g, respectively, and put
Clearly, this definition does not depend on the choice of representatives for f and g, and the inclusion Eq(f, g) → X is an equalizer for (f, g) because any asymptotic map k : Z → X satisfying f • k = g • k factors through Eq(f, g). Therefore, Diff has all small limits and the inclusion Diff → Diff preserves limits because it preserves products and equalizers.
Similarly, we can prove that Diff has all colimits by showing that it has all coproducts and coequalizers. Given a family of diffeological spaces {X j } j∈J , their coproduct j∈J X j in Diff is a coproduct in the supercategory Diff , and any pair of asymptotic maps (f, g) from X to Y has a coequalizer Y → Coeq(f, g) defined as the projection of Y onto its quotient space by the least equivalence relation such that y ∼ y ′ if both y = f ǫ (x) a.e. and y ′ = g ǫ (x) a.e. hold for some x ∈ X. Again, the inclusion Diff → Diff preserves colimits because it preserves coproducts and coequalizers. Thus we see that the property (2) holds.
We now prove (3) . Under the isomorphism
and u ∈ C ∞ (Z, R) the following holds: For any K ⋐ U × V and multi-index α, there exists m ≥ 1 such that the set
belongs to the product ultrafilter U ⊗ U , or equivalently,
Now, let us consider the maps 
. Thus the induced maps ϕ * and ψ * are inverses of each other, and hence we have
Smooth cell complexes and asymptotic homotopy
Asymptotic maps can be expected to provide "weak solutions" to such problems that are hard to solve within the framework of smooth maps. In this section, we present a modest application related to homotopy theory of diffeological spaces.
Let I be the interval [0, 1] equipped with standard diffeology. As in the case of Top or Diff , there is a notion of homotopy in the category Diff : a homotopy between two asymptotic maps f, g : X → Y is an asymptotic map H : X × I → Y satisfying H • i 0 = f and H • i 1 = g, where i α is the inclusion X → X × {α} ⊂ X × I for α = 0, 1. Denote by L n the subspace ∂I n × I ∪ I n × {0} of I n+1 .
Lemma 5.1. L n is a deformation retract of I n+1 in Diff .
Proof. It is easy to construct a piecewise linear retraction r : I n+1 → L n by using suitable polyhedral decomposition of I n+1 . Let r i be the i-th component function of r. Then there exists for each i a moderate net (R i,ǫ ) which represents the image of r i under the embedding of continuous functions into asymptotic functions. Now, let R ǫ = (R 1,ǫ , · · · , R n+1,ǫ ). Then the net (R ǫ ) is moderate, and represents an asymptotic retraction R : I n+1 → L n . Moreover, there is a retracting homotopy H : I n+1 × I → I n+1 between R and the identity represented by a net (h ǫ ), where
showing that L n is a deformation retract of I n+1 .
Corollary 5.2. Any asymptotic map L n → X can be extended to an asymptotic map I n+1 → X. Definition 5.3. Let (X, A) be a pair of diffeological spaces. We say that (X, A) is a smooth relative cell complex if there is an ordinal δ and a δsequence Z : δ → Diff such that the inclusion i : A → X coincides with the composition Z 0 → colimZ and for each β that has a predecessor β − 1, there exists a pushout square of the form
In particular, if A = ∅ then X is called a smooth cell complex.
The next theorem says that every smooth relative cell complex enjoys homotopy extension property in the extended category Diff . To prove this, we need the lemma below (cf. [4, Lemma 4 .8]).
Lemma 5.5. Let φ : ∂I n → Y be a smooth map, and Z = Y ∪ (φ,in) I n the adjunction space given by φ and the inclusion i n : ∂I n → I n . Then the map i × 1 Φ × 1 : Y × I I n × I → Z × I induced by the natural maps i : Y → Z and Φ : I n → Z is a subduction.
Proof. Let P : U → Z × I be a plot of Z × I given by P (r) = (σ(r), σ ′ (r)), and let r ∈ U . Since σ is a plot of Z, there exists a plot Q 1 : V → Y such that σ|V = i • Q 1 holds, or a plot Q 2 : V → I n such that σ|V = Φ • Q 2 holds. In either case, we have
where α is either 1 or 2. This means that i × 1 Φ × 1 is a subduction.
Proof of Theorem 5.4. Let Z : δ → Diff be a δ-sequence such that the composition Z 0 → colim Z is the inclusion A → X. We construct a asymptotic lift H : X × I → Y by transfinite induction on β < δ. Suppose β is a successor ordinal, and there is a asymptotic homotopy H β−1 : Z β−1 × I → Y such that the following hold. By Corollary 5.2 the composition of upper arrows can be extended to an asymptotic map K β : I n × I → Y . In order to further extend K β over Z β × I, let us take representatives (H β−1,ǫ ) and (K β,ǫ ) for H β−1 and K β , respectively. Let H β,ǫ : Z β × I → Y be the unique map such that
